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SOLUTION OF A PLANE STEADY HEAT CONDUCTION PROBLEM WITH 
BOUNDARY CONDITIONS OF THE THIRD KIND FOR REGIONS OF SPECIAL 

TYPE 
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UDC 536.21 

It is shown that the steady problem of heat conduction theory for 
regions bounded by cochleas of order 4m + 2 (m = 1, 2, 3 . . . .  , N), 
which emit heat from their surfaces according to Newton's law, is 
reduced by conformal mapping to the solution of certain equations 
in finite differences. For the case m = 1 the solution of the equations 
is expressed in terms of Bessel functions, and formulas for the tem- 
perature distribution are obtained. 

p o l a r  c o o r d i n a t e s  

r = R { ~ c o s  2m+~ 1 + r  

INTRODUCTION 

Certain steady problems in heat-conduction theory 

r e d u c e  to so lu t ion  of the L a p l a c e  equat ion [9] 

0 2 U 0 2 u 
-- + = 0 on D (i) 
Ox 2 Oy 2 

with the bounda ry  condi t ion  

0U 
_ _  _l- hu I B = f (P)' (2) 
nd 

w h e r e  h i s  a p o s i t i v e  cons t an t ,  and f (p )  is  a g iven  

funct ion.  
In g e n e r a l  the  b o u n d a r y  cond i t ions  (2) do not  p e r -  

m i t  e f fec t ive  u se  of the me thod  of c o n f o r m a l  mapp ing  
f o r  so lv ing  the  p r o b l e m .  We m a y  s e l e c t  a c l a s s  of 
r e g i o n s ,  howeve r ,  f o r  which the  funct ion a c c o m -  
p l i s h e s  c o n f o r m a l  mapp ing  of the  g iven  r e g i o n  onto a 
c i r c l e ,  is  r e p r e s e n t e d  by  the Newtonian  b i n o m i a l  of 
odd o r d e r  [4] 

W = R (~ -~- ~,)2m+l_~_ B, (3) 

w h e r e  

m = l ,  2, 3 . . . .  ,N,  
J~ 

= pexpi0,  k >/ 1/sin 
2 r e + l - "  

]2m+l 

2 m + l  ! , (4) 

w h e r e  

k > 1/sin ~ ,  m = l ,  2, 3 . . . . .  N. 
2 m +  1 

The length  of  the  a r e  of c u r v e s  (4) i s  a r a t i o n a l  func-  

t ion  of the  p a r a m e t e r  [9] : 

S=,. 3_ l d t l [ , =  l a o = (zm + 1) + 2Zoos o + ao = 

= 2 n R ( 2 m + l ) ( k 2 _ l ) . , p , ~ [ ~ ] ,  (5) 

w h e r e  the P m  a r e  L e g e n d r e  p o l y n o m i a l s .  

i. FORMULATION OF THE PROBLEM FOR A CIRCLE 
AND ITS REDUCTION TO AN EQUATION IN FINITE 

DIFFERENC ES 

In conformal mapping of (3), Eq. (I) and boundary 
conditions (2) transform to the form [i] 

0 0 ,  p ~ p  p § ~-~ = 0 on the c i r c l e  (6) 

wi th  the  b o u n d a r y  condi t ion  

0__% + h R ( 2 m + l ) ( l + 2 L c o s O  +'t,~)rnu p = =  fx(0), (7) 
OP 

In th i s  c a s e  the  p r o b l e m  fo r  the c i r c l e  r e d u c e s  to the  
so lu t ion  of the equa t ions  in f in i t e  d i f f e r e n c e s .  So lu-  
t ion  of t h e s e  equa t ions  m a y  be  r e p r e s e n t e d  in the  
f o r m  of L a p l a c e  con tou r  i n t e g r a l s .  C u r v e s  c o r r e -  
sponding  to the  unit  c i r c l e  in the  ~ p lane  cons t i t u t e  
a f a m i l y  of c o c h l e a s  of  high o r d e r .  * 

Us ing  the equa t ion  of  c i r c l e  ~ = 1, i t  i s  not  d i f -  
f i cu l t  to ob ta in  f r o m  (3) the  equa t ion  of the  c u r v e s  in 

*The o r d e r  of the  c u r v e s  is  equal  to 4m + 2. The  
c a s e  m = 1/2 c o r r e s p o n d s  to the  f a m i l y  of  P a s c a l  

c o c h l e a s .  

w h e r e  f l(O ) i s  a g iven  funct ion s a t i s fy ing  the D i r i c h l e t  

cond i t ions  in the  i n t e r v a l  -Tr <_ 0 <_ +~. Then  [3] 

f,(O) = bo._k E b . c o s n 0  " c . s i n n 0 .  (8) 
2 

The s p e c i a l  f e a t u r e  of the c a s e  be ing  e x a m i n e d ,  
which a l lows  an exac t  so lu t ion  to be ob ta ined ,  c o n s i s t s  

of  the  f ac t  t ha t  the  coe f f i c i en t  

h (0) = h dWI/ = hR (2m q- 1)(12-,2~cos 0 + k2) 'n 
d ~/lp-t 

(9) 
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is  a t r i g o n o m e t r i c  polynomial :  

rn 

h(O) = E a k c o s k O  > 0, - -n  -<:..0--/:.- + n ,  (10) 

where  

+; +i a , =  h(O)coskOdO, a 0 =  h(O)dO. 

0 0 

(11)  

To eva lua te  the coef f ic ien ts  (11) we shal l  use  the 
equal i ty  [3] 

_ 2 f ( l  -k- 2s + ~,2)mcoskOdO 

= r ( m - e i )  ~ / \ ~ = + l  
= - - - -  

: F ( m + k + l )  \ ).~--1 ] 
(12)  

Using (5), ( i i ) ,  and (12), w e  obtain 

h(O) = h S { l q -  2 r ( m + l )  
2~[ P~ 10~+1)/(~--1)] • 

-~ P~I(L2+ 1)/(L~-I)] cosk O. 
• F (m -q- k --k i) / '  (13) 

k = I  

w h e r e  S is  the length of a re  of the cu rve ;  m = 1, 2, 
3, . . . ,  N; X is  a p a r a m e t e r ;  h is  the h e a t - t r a n s f e r  
coef f ic ien t ;  and P m k  a r e  the a s s o c i a t e d  Legendre  
funct ions .  We shal l  s e e k  a solut ion of the p r o b l e m  (6), 
(7) in the f o r m  

o~ 

u = Ao/2+ E p . [ A . c o s n O  + B,,sinn 01. (14 )  

Subst i tu t ing (14) in boundary  condi t ions (7), we obtain 
f o r  d e t e r m i n a t i o n  of the expans ion  coef f ic ien ts  the 
s y s t e m  of d i f f e rence  equat ions:  

m 

k= l  

n = 0, 1, 2, 3, ..., (15) 

m 

(n +ao)B .  J- ~--L-~.~ak[B,~k + B.-k] =c~, 
k=l 

n = 1 , 2 , 3  . . . .  (16) 

with the condi t ion 

A,,--* 0 Bn --,. 0 
n --,- ,~ n -+ ~ (17) 

A . = A _ , ,  n = 1 , 2 , 3  . . . .  , m, (18) 
B~ = - - B - , ,  n = 0, 1,2, 3 ..... m--1. (19) 

Solution of equat ions  in f ini te  d i f f e r e n c e s  of type  
(15) and (16) has  been  examined  in [5, 7]. Condit ions 
(17)-(19)  allow the expans ion  coe f f i c i en t s  An and B n 
to be  d e t e r m i n e d  uniquely.  

2. SOLUTION OF EQUATIONS IN FINITE D I F F E R -  
ENC ES 

It is  known that  the gene ra l  solut ion of the d i f f e r -  
ence equat ions (15) and (16) has  the fo rm:*  

2 m  

& = ~ + E ~ ,  & (n), (2o) 

where  ~ha is a p a r t i c u l a r  solut ion of the inhomogeneous  
equation;  Ak(n ) a r e  l i nea r l y  independent  solut ions  of 
the homogeneous  equation;  w k a r e  a r b i t r a r y  pe r iod ic  
funct ions with unit pe r iod .  

Fol lowing the method  of Lap lace ,  we shal l  s eek  a 
solut ion of (15) in the f o r m  

A. =.It-~-I V (t) dr. (21) 

In tegra t ing  by p a r t s ,  we obtain 

nA~ = ~ St -~-~ iV' (t) dt --  t -~ V(t) v '  (22) 

A~+ k = f t  -n-~ t -k V (0 dt, k = • l, T 2 ... . .  -T- m. (23) 

Let** 

bn = St--n  I q) (t) dt .  ( 2 4 )  

Y 

Substi tut ing (21)-(24) into (15), we find 

rrL 

t t_,,_ ~ {tV'(t) + ak ? §  V(t)--cp(t)  dt = 

= t-nV(t)  �9 (25) 

We shal l  choose  the contour  of in tegra t ion  and the 
funct ion V(t) f r o m  the condi t ions  

t -n  = o, l v ' ( t )+  - f  ak tk-~ V(t)  = ~p(0. (26) 
k=O 

The solut ion of (26) will  be 

V (l) = F (t) + CVo (t), (27) 

Vo (t) = t-~oexp { --f~,= (t) }, (28) 
w h e r e  

F (t) = t .... exp { --Qm(t) ] j'x ao-t q~(x)exp{ ~q,,,(~)}d., (29) 

a,,(t) = ~ -  - 7 -  a, .=}am]expic~. (30) 
k = I  

*Equa t ions  (15) and (16) d i f fe r  only in the " in i t ia l"  
condi t ions ,  and it is t h e r e f o r e  suff ic ient  to examine  
one of them.  

* * F o r  th is  it  is suf f ic ien t  t h a t f l ( 0 )  s a t i s f i e s  the 
Di r i ch l e t  condi t ions .  
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In the  p lane  t we m a y  choose  2m r a y s  on which 
funct ion (28) t ends  to z e r o  f o r  any a k (k = 0, 1. 2, 
3 . . . .  , m )  [ 5 1 :  

2 .~ k a 
q~, - -  - -  jk  = O, 1 , 2  . . . . .  m - -11  

Ill Il l  

V0 (p exp i q,~) ~ 0 (31) 

(2k @ 1 ) 7: a 
~]:a.:- l/e : 0, 1, 2 . . . . .  m- - I  I 

l l l  I l l  

Vo (9 exp i q)k) -+ 0. (32) 
I) -+0 

We sha l l  de s igna t e  by Yk+l the i n t e g r a t i o n  pa ths  
l o c a t e d  ins ide  the  s e c t o r  ~o k -< ~o __ ~k+~ (0 < p -< ~),  
and by Fk+ 1 pa ths  l oca t ed  ins ide  the  s e c t o r  ~ k -< q) -< 
<-- ~k+l (0 -< p < ~). 70 c o n s i s t s  of the unit  c i r c l e  and 
p a r t s  of the s ec t i on  ~o = 0, q) = 2~r [1 -< p -< ~].  Then 
the  so lu t ion  of the  equat ions  (15) wi l l  be* 

A k (n) = ~ t - , , -~  Vo (t) dt, (33) 
vk 

m ~ ~-~-1 lz (34) A(k)( n) = - ~ ~o = , .... 2 ~ i  ~'k (t) dt, k 1 2, 3, m, 

1 ~ t _ , , _  xF( t )  d/. (35 )  
]" - 2 ~  i yc, 

F o r  the  i n t e g r a l s  (33)-(35) we m a y  obta in  an a s y m p -  
to t i c  r e p r e s e n t a t i o n  f o r  l a r g e  n [8]: 

A k (n) ~ exp/ 2k - -  1 
,~ i (n + ao) I • f / - -~  0 o [  rtl 

n-}-ao 

\ I l l  ' ' 

A(kl(n) ~ exp [ 2k 
n - * ~  [ m  i ( n  

(36) 

b. , g . _ .  c~ , is  not an i n t ege r .  (38) 
n - -  ao n + a o  

It  fo l lows  f r o m  (36)-(38)  tha t  the  l i m i t e d  so lu t ions  of 
(15) and (16) con ta in  only m a r b i t r a r y  p e r i o d i c  func-  
t i ons  each:  

tn 

A~ = A-~ -k ~r Ak (n + ao), (39) 
k - I  

111 

B~ B~ § ~O]k Ak (n + a,). (40) 
k ~1 

F r o m  condi t ions  (18) and (19) fo r  w k and Wk we have 
the s y s t e m  of a l g e b r a i c  equat ions* 

in 

_ _ ~.~ A~--A_~-k r ~ s ) - - A ~ ( a o - - s ) l = 0  
k=l  

(s = 1, 2, 3 . . . . .  m), (41) 

m 

B~ + B ~ -t- ~ j ~  [Ak (ao -~- s) + Ak (ao--s)l = 0 
k=l  

( s : 0 ,  1, 2, 3, ..., m---l). (42) 

Thus ,  the  expans ion  coe f f i c i en t s  in (14) a r e  d e -  
t e r m i n e d  f r o m  (39) and (40), w h e r e  Ak(n), A n, and B n 
a r e  g iven  by the  i n t e g r a l s  (33)- (35) ,  whi le  the a r b i -  
t r a r y  p e r i o d i e  funct ions  a r e  found f r o m  the  s y s t e m  of 
a l g e b r a i c  equat ions  (41), (42) of o r d e r  m.  

EXAMPLES OF SOLUTION O F  C EHTAIN PROBLEMS 
O F  MATHEMATICAL PHYSICS 

E x a m p l e  1. We s h a l t  examine  the so lu t ion  of the 
p r o b l e m  (1) fo r  r e g i o n s  bounded by a f ami ly  of coch-  
l eas  of o r d e r  6. F r o m  (4) and (5) we have 

S f)~cos ~ - ~ - + / l _ k f s i n ' 2 ~ }  a, 

1 . ~ . ~  @ ,  
- -  3arc s i n - - - ~ .  -}- 3arc sin (43) 

w h e r e  X -> 2/,/'3" is  a p a r a m e t e r ,  and S is the  length of 
a r c  of the  cu rve .  

Under  c o n f o r m a l  mapp ing ,  we obta in  

9 P + a 00- = 0 on the c i r c l e ,  (44) 

wi th  the bounda ry  condi t ion  

O u + h S (  2L ) p=t 
0---~ ~ I -~  - - 1  ~ - )~2 COS 0 /g = f l  (0) ,  ( 4 5 )  

w h e r e  f l ( O )  is  a s s i g n e d  and s a t i s f i e s  the  D i r i c h l e t  
cond i t ions  

bo 
[1(0)= ~ - + 2 b , , c o s n O + c , ~ s i n n O  [ - - ~  0 4  +=.p; (46) 

tz-~ [ 

h i s  the  h e a t - t r a n s f e r  coef f i c ien t ;  

hS  hS  ao: =-:---; a t = - -  ; (47 )  
r~ I -I- k ~ 

oo 

u = - - +  p ~ [ A , ~ c o s n O - - B , , s i n n O I .  
2 

n--J 

(48) 

*Since V0(t) = V0(t), i n t e g r a l s  t aken  a long c o n t o u r s  
s y m m e t r i c a l  r e l a t i v e  to the  r e a l  ax i s  wi l l  be c o m p l e x  
c o n j u g a t e s .  When X > 0 ~ = 0. 

*It m a y  be  shown tha t  the  d e t e r m i n a n t s  of  the  s y s -  
t em (41), (42) a r e  not  equal  to z e r o  u n d e r  the  cond i -  
t ions  h(0) > 0 ]-~r_< 0 <_ +Tr] ( see  (10)). 
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The coe f f i c i en t s  A n and B n a r e  d e t e r m i n e d  f r o m  
the equat ions  

(n + ao) A,, + ~ -  [An+x @ A,,-t] = bn, (49) 

n = 0, 1,2, 3, .:., A~ = A-l ,  (50) 
a l  

(n + ao) B,~ + - - ~  lB,~+t + B~-d = % (51) 

n = 1, 2, 3, ..., Bo = O. (52) 

The so lu t ion  of a homogeneous  equat ion wi l l  be 

A (n) ~ ( - -  1)~ [ ~  I.+.o (at) -'- ~o2 Y,,+~o (a31, (53) 

w h e r e  I v ( a 3 ,  Yv(al) a r e  c y l i n d r i c a l  funct ions  of o r d e r  
1 and 2. 

F r o m  the condi t ion  of conve rgence  of the s e r i e s  
(48) we should  put  w~ - 0 [3], and then we have 

B,, = ~ + ( o ~ ( -  1)~ I,,+~0 (aO. 

(54) 

(55) 

F r o m  cond i t ions  (50) and (52) we obta in  

(01 = ( A - 1  - -  -A1)/2fao(al), 

g~ = - ~/Ioo (a~). 

(56) 

(57) 

The d e n o m i n a t o r s  of (56) and (57) a r e  not  equal  to 
z e r o .  * 

The  p a r t i c u l a r  so lu t ions  An  and Bn have  been  con-  
s t r u c t e d  in the  Appendix  ( A 2 - A 7 ) ,  w h e r e  i t  is  shown 
~ n  and Dn a r e  r e p r e s e n t e d  th rough  the G r e e n ' s  func-  
t ion  of the equat ion in f in i te  d i f f e r e n c e s .  

E x a m p l e  2. To find the  t e m p e r a t u r e  d i s t r i b u t i o n  
wi th in  the r e g i o n  bounded by c u r v e  (43), w h e r e  t h e r e  
i s  u n i f o r m  l i b e r a t i o n  of heat .  At  the bounda ry  the  
hea t  is  r a d i a t e d  a c c o r d i n g  to Newton ' s  Iaw. The t e m -  
p e r a t u r e  of the  e x t e r n a l  m e d i u m  i s  equal  to z e r o  [2]. 

The p r o b l e m  r e d u c e s  to  i n t e g r a t i o n  of the  equat ion  

O~ O~u Q 
-+ = - -  - -  on D (58) 

Ox~ @2 If 

with the  b o u n d a r y  condi t ion  

f / t ~  
z L  + hu - o, (59) 
On B 

w h e r e  K i s  the t h e r m a l  conduc t iv i ty ;  Q i s  the quant i ty  
of hea t  l i b e r a t e d  in uni t  vo lume ;  h i s  the  h e a t - t r a n s f e r  

coe f f i c i en t .  

*We r e c a l l  tha t  the  l e a s t  p o s i t i v e  r o o t  of  the  func-  

t i ons  Ia0(a  I) and I ' a  0 (al) i s  l a r g e r  than  a0 [8]. H e r e  
a0 - at  = hS/2~r (X - 1) ~ > 0. T h e r e  a r e  no r o o t s .  

We shall choose the special solution 

u = u~ + u2, w h e r e  Au2 ~ - -  Q onD, u~ B=O" (60) 
K 

Then for u i we have 

A u ~ = 0  on D, ~ - n -  = - - - ~ n  IB' (61) 

We sha l l  use  the  confor rna l  r e p r e s e n t a t i o n  

S 
W = x - t - ] g = 6 r ~ ( l ~ k 2 )  (~3-f-3k~'+3k'2~), (62) 

w h e r e  ~ = p exp i0,  X _> 2 /~3- ,  and S is  the length of 
arc. 

For solution of problem (60) we choose the parti- 

cular solution 

= _ Q ( x ~  + y2 )=  ___Q w . F .  (63) U3 
4 / (  4/( 

Then fo r  u2 we obta in  

Uo. = Qs~ { (0~--1)+97` ~ ( r  
144k~2(1 _}_ 7̀ 2)2 

+ 9~ ~ (p"- -  1) + [67` ( #  - -  p) + 18:~ ~ (03 - -  r,)] cos 0 + 

+ 67. ~ (9 s -  92) cos 20 } . (64) 

F o r  the  c o n f o r m a l  r e p r e s e n t a t i o n  (62) the  equa t ion  
and the bounda ry  cond i t ions  (61) t r a n s f o r m  to the f o r m  

9 -~90 ( 9 OUl ] + 0%100 - ~  = 0 on the  c i r c l e ,  (65) 

with the  bounda ry  condi t ion  

Out + (ao + atcos O) ul ,~=1 = 
Op 

12=2i( § blcos O + b2cos20 , (66) 

where 

hS hS 7̀  
a o ~ ;  a.1 . . . .  ; (67) 

1 -t-7` ~ 

= , 7`")" bl (2), + 37`3)./(I + )2y; bc ( 1 ~ 6 7 `  ~ + 3 7 ` ~ ) / ( 1 +  - - ,  = 

02 = v-'/(1 + 7`7'- -. (68) 

The solution of (65), (66) will be 

Ui 
12E~/( al 2 al 

oC I, 
~ t  

(69) 
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where  

oh ~ [2bo/al - -  (2/al)2ao b t + (2/al) a a o (a o + 1) b 2 - -  462/al I • 

• [2I~o(a31 -~ 

(see (54), (55) and (A5)-(A7)). 

C ONC LUSIONS 

In solving a plane p rob lem of potential  theory  with 
boundary  condit ions of the third  kind [3] we use the 
method of conformal  mappings  onto the unit c i rc le .  The 
co r re spond ing  p rob lem fo r  a c i rc le  reduces  to solu-  
t ion of l inear  equations in finite d i f ferences .  The 
c l a s s  of reg ions  has been examined in which the 
modulus  of the der iva t ive  of the mapping function is a 
t r i gonome t r i c  polynomial .  In this case  the exact  
solution of the p rob lem is r ep re sen t ed  in the f o r m  of 
Laplace  contour  in tegra ls .  

Fo r  a r a t h e r  wide c l a s s  of regions  we can obtain 
an approximate  solution by r e s t r i c t i ng  ou r se lves  to a 
finite number  of t e r m s  in the F o u r i e r  s e r i e s  for  the 
modulus  of the der iva t ive  of the mapping function. 

The method of d i f ference  equations m a y  also be 
used in solving p r o b l e m s  for  a c i r c le  with mixed 
boundary  condit ions with var iab le  coeff icients .  

APPENDIX 

We shall show that the particular solution of the 
inhomogeneous  d i f ference  equation (49), (51) is r e p -  
r e sen ted  through the Gre e n ' s  function of this equa-  
tion. To improve  the convergence  of the s e r i e s  (48), 
(69) it is convenient  to use  a t r a n s f o r m a t i o n  of the 
G r e e n ' s  function e i ther  in the f o r m  of an expansion 
in t e r m s  of Besse l  funct ions with in tegra l  index, o r  
in the f o r m  of a discont inuous function. The Green ' s  
function of (49) sa t i s f ies  the re la t ions  

at - (A1) (n +ao) gm~ + - - 2  [gm,,+~+gm=-ll = %~, 

where  

t l  m = n  
J 

Then the p a r t i c u l a r  solution of (49) and (52) is 
wr i t t en  in the f o r m  

y+,,,,+,,,,,, r .gmo. 
rn~O r n ~ l  

F r o m  (35) and (29) we may  obtain* 

(A2) 

. l f t _ a o _ . _ , e x l : > I _ _ a t / l _ _ _ ) _ _ ) I X  
g m n =  2r, i ,~ - 1  2 [ j 

x i,++-,~ {-+-(+- (A3) 

*In (29) it is evidently suff ic ient  to put ~(t) = 
= t m / 2 ~ i .  

The in tegra l  (A3) allows the expansion 

S~+~ 

gm,~= E l ' -m(a j ) l " ' s ( - -aO s + ao ' a~ is not an integer ;  

+=+7 l~_m(a,) ln_~ (--at) 
g ' ~ =  2 s + i 

. OI~(--a,)[ 
_ I_~_ , .  t a 0 ~  ao = 1. 

v=n+] 

(A4) 

Using the Lagrange  method to solve (A1), we obtain 
another  r ep resen ta t ion  of the Green ' s  function 

gin,, = = (--1) ,n+n { Y~+~o(a,) I~+~ o (at) - -  Y,~+~~ (a,) l~+~~ }, 

n<m--1;  

gm~=0,  n >  m - - l ,  (A5) 

whence 

gram = O, gram--1 ~ 2/al, gmm+l ~ O. (A6) 

Example .  Let 

2 

u / ~ 0  

F r o m  (A1) and (A6) we obtain 

Y-1 aobl+ %(ao ~ 1)b~-- 2be , 
al  j a l  

L = 2--o,-(-tl(ao+ 1)o. L =  !o . , ,  
al \ a ,  ] " at  " 

Aa=A~ . . . .  L+3 = O, % =  ( A _ ~ , ) / 2 l ' ~ o ( a l ) .  (A7) 

The r ep resen ta t ion  of the Green ' s  function in the 
f o r m  (A5) is convenient  in the case  in which the function 
f l  (0) is a t r i gonome t r i c  polynomial  (see (66)). In this 
case  the s e r i e s  (69) converges  fo r  any finite values  p. 
If  f l (0)  is the complete  F o u r i e r  s e r i e s ,  it is n e c e s s a r y  
to use the f o r m  (A4). In that  case ,  s e r i e s  (48) con-  
v e r g e s  inside the unit c i r c le  of plane ~ (see (38)). 
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